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Motivic Serre group, algebraic Sato-Tate group and 
Sato-Tate conjecture 

Grzegorz Banaszak and Kiran S. Kedlaya 


Abstract. We make explicit Serre’s generalization of the Sato-Tate conjec¬ 
ture for motives, by expressing the construction in terms of fiber functors 
from the motivic category of absolute Hodge cycles into a suitable category 
of Hodge structures of odd weight. This extends the case of abelian varietes, 
which we treated in a previous paper. That description was used by Fite— 
Kedlaya-Rotger-Sutherland to classify Sato-Tate groups of abelian surfaces; 
the present description is used by Fite—Kedlaya-Sutherland to make a similar 
classification for certain motives of weight 3. We also give conditions under 
which verification of the Sato-Tate conjecture reduces to the identity connected 
component of the corresponding Sato-Tate group. 


1. Introduction 

In [Se2] . Serre gave a general approach, in terms of the motivic category for 
numerical equivalence, towards the question of equidistribution of Frobenius ele¬ 
ments in families of /-adic representations; this approach puts such questions as 
the Chebotarev density theorem and the Sato-Tate conjecture in a common frame¬ 
work. Serre revisited this topic in fSi3l . making the description somewhat more 
explicit. The purpose of this paper is to follow in this direction, expressing Serre’s 
construction in terms of fiber functors from the motivic category of absolute Hodge 
cycles into a suitable category of Hodge structures of odd weight. This extends our 
previous paper [BKj . in which we carried out this program for abelian varieties; 
this was motivated by the immediate application to the classification of Sato-Tate 
groups of abelian surfaces in |FKBS] . Similarly, the results of this paper are used 
in [FKS] to carry out a similar classification for a special class of motives of weight 
3, and are expected to find further use in similar classifications for other classes 
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of motives of odd weight. (Some modifications are needed to handle cases of even 
weight, such as K3 surfaces.) The organization of the paper is as follows. 

In chapter 2, we briefly recall some facts about Hodge structures and Mumford- 
Tate groups in a fashion suitable for our exposition. 

In chapter 3, we extend the notion of twisted decomposable Lefschetz group, 
introduced in [BK], to Hodge structures with some extra endomorphism structure. 
The twisted decomposable Lefschetz group (Definition 13.4p is the disjoint sum of 
Galois twists (Definition 13.31) of the Lefschetz group. 

In chapter 4, we work with Hodge structures associated with families of /-adic 
representations and prove basic results concerning relations between group schemes 

In chapter 5, we state the algebraic Sato-Tate conjecture for families of l- 
adic representations associated with Hodge structures. We also restate the Sato- 
Tate conjecture in this case and prove some basic properties of the algebraic Sato- 
Tate group and the Sato-Tate group. In particular, under the algebraic Sato-Tate 
conjecture, we establish the isomorphism (Proposition 15.71) between the groups of 
connected components of the algebraic Sato-Tate and Sato-Tate groups. We also 
introduce Galois twists inside (see Definition l5.I2l) and we explain the relation 

of these twists to Galois twists of the corresponding Lefschetz group. 

In chapter 6, under some mild assumptions on the base field K, we compute 
connected components of ^ (Theorem I6.II|) . Then, under the algebraic Sato- 
Tate conjecture, we make a corresponding computation of connected components 
of ASTk and STk (Theorem l6.I2ll . As a consequence, we prove that the Sato-Tate 
conjecture holds with respect to STk if and only if it holds with respect to the 
connected component of STk (Theorem 16.121) . 

In chapter 7, we show how to compute Mumford-Tate and Hodge groups for 
powers of Hodge structures and similarly how to compute Cff. ^ and Cff. for 
powers of (-adic representations. We also observe that in some cases, the Mumford- 
Tate conjecture implies the algebraic Sato-Tate conjecture. 

In chapter 8, we continue the discussion from chapter 7 of the relationship 
between the algebraic Sato-Tate conjecture and the Mumford-Tate conjecture. We 
establish conditions for the algebraic Sato-Tate conjecture to hold with the algebraic 
Sato-Tate group equal to the corresponding twisted decomposable Lefschetz group. 

Chapters 9-11 give the application of chapters 2-8 to the case where the polar¬ 
ized Hodge structures and associated Z-adic representations come from motives in 
the motivic category of absolute Hodge cycles introduced by Deligne [ml . [DM] . 
All the assumptions on Hodge structures and associated Z-adic representations we 
made in chapters 2-5 are satisfied in this case. 

At the beginning of chapter 9, we recall some results concerning the category 
^Ak of motives for absolute Hodge cycles. Next, for a motive M of Mk we 
introduce the Artin motive hP{D) corresponding to D := EndA^_(M) and compute 
the motivic Galois group of the smallest Tannakian subcategory Ai^{D) 

of Mk generated by h^{D). Also, let Mk{M) denote the smallest Tannakian 
subcategory of Mk generated by M. From this point on in the paper, we work only 
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with homogeneous motives, i.e., motives which occur as factors of motives of the 
form h'"{X){m) for some smooth projective variety X over K and some and m G Z. 
For M a homogeneous motive, we consider the motivic Galois group and 

the motivic Serre group G;v(k(m),i ^Definition 19.51) . We also define Galois twists 
(Definition [9D0|) inside the motivic Serre group and explain their relation to Galois 
twists of the corresponding Lefschetz group. The precise computation of 
allows us to write down the motivic Serre group as a disjoint union of these twists 
(see (19.291) 1. 

At the beginning of chapter 10, we find a sufficient condition (Theorem 110.211 
for the natural map 7ro(G;v(^(M),i) —t '^q{Gmk(m)) to be an isomorphism. Theo¬ 
rem 110.21 is the motivic analogue of Theorem 14.81 We then introduce the motivic 
Mumford-Tate conjecture and motivic Sato-Tate conjecture. 

We start chapter 11 by recalling the relationship between the motivic Mumford- 
Tate group with the corresponding Mumford-Tate group and the relation of the mo¬ 
tivic Serre group with the Hodge group. Under Serre’s conjecture that MT(U, ip) = 
MMT;f(M)°, i.e., that the Mumford-Tate group is equal to the connected com¬ 
ponent of the motivic Mumford-Tate group, we define (Definition 111.71) the alge¬ 
braic Sato-Tate group. We collect the main properties of the algebraic Sato-Tate 
group in Theorem 111.81 At the end of this chapter, under the assumption that 
H(U, i/j) = G_D(IsO(y_^)), we show that the algebraic Sato-Tate group is the cor¬ 
responding twisted decomposable Lefschetz group fCorollarv 111.1011 . In addition, 
under the Mumford-Tate conjecture, we prove the algebraic Sato-Tate conjecture 
in this case ('Corollarv lll.llll . We finish by proving, under an assumption on homo- 
theties in the associated Ladic representations and under the algebraic Sato-Tate 
Gonjecture for the base field, that the Sato-Tate conjecture holds with respect to 
STk if and only if it holds with respect to the connected component of STk (The¬ 
orem fTTMll . Theorem [TTT41 may serve of use in proving cases of the Sato-Tate 
conjecture, by making it possible to avoid computations involving connected com¬ 
ponents of the Sato-Tate group. 

In conclusion, recall that for Absolute Hodge Cycles (AHC) motives (Definition 
lll.,8|l . Serre’s conjecture MT(l/,'0) = MMT;f(M)° holds fRemark 111.411 . Hence 
the algebraic Sato-Tate group is defined (Definition 111.711 unconditionally for AHC 
motives. All motives associated with abelian varieties are AHC motives (im] 
Theorem 2.11]). Moreover, if A4^ denotes the Tannakian subcategory of Mk 
generated by abelian varieties and Artin motives, then every motive in A4^ is an 
AHC motive ([dHI Theorem 6.25]). So the algebraic Sato-Tate group is defined 
unconditionally for motives in (cf. mi) It is shown in [DMl Proposition 
6.26] that the motives associated with curves, unirational varieties of dimension 
< 3, Fermat hypersurfaces, and K3 surfaces belong to In general, the Hodge 
conjecture implies that every Hodge cycle on a motive is an algebraic cycle, and 
Deligne showed that every algebraic cycle is an absolute Hodge cycle i frnl Example 
2.1]). Hence the Hodge conjecture implies that every motive is an AHC motive. 

2. Hodge structures and Mumford-Tate group 

Let {V, Ip) be a rational, polarized, pure Hodge structure of weight n. Hence V 
is a vector space over Q and ^ is a bilinear nondegenerate (—1)" symmetric form 
Ip : V X V ^ Q(—r) such that Vc has a pure Hodge structure of weight n. Let 
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PHS(Q) denotes the category of rational, polarized, pure Hodge structures. The 
category PHS(Q) is abelian and semisimple [ml Lemme 4.2.3, p. 44] (cf. [PSl 
Cor. 2.12, p. 40]). Let Dh ■= D{V,^) := EndpHS(Q)l/^)- In particular Dh is a 
finite-dimensional semisimple algebra over Q. If {V, ip) is a simple polarized Hodge 
structure, then Dh is a division algebra. By the definition of a Hodge structure, 

(2.1) yc:=I^®QC= 0 

n=p+q 

where PP’? = and the P^’”^ are equivariant with respect to the action of the 
endomorphism algebra Dh C. Put V'C := V' Recall that Q(—n) is a pure 

Hodge structure of weight 2n such that C(—n) = C(—n)"’”. The polarization ip 
can be seen as the morphism ip : V ( 8 )q P —>■ Q(—n) of pure Hodge structures of 
weight 2n so that the C-bilinear form -tpc '■ Vc x Vc ^ C{—n) has the property 
that ipciy^’^ X = Q ii p + p' ^ n ot: q + q' ^ n. 

Remark 2.1. More generally, {T,(p) is an integral, polarized, pure Hodge 
structure of weight n if T is a free abelian group and p : T x T ^ Z(—n) is a 
nondegenerate Z-bilinear map such that (P, -ip) is a rational, polarized pure Hodge 
structure of weight n, where P -—TCSizQ and ip := Let PHS(Z) denote the 

category of integral, polarized, pure Hodge structures. 

Remark 2.2. A recent, simple approach to real Hodge and mixed Hodge 
structures can be found in jBMl] . |BM2] . 

Remark 2.3. The vector space P defines a commutative group scheme, also 
denoted P by abuse of notation, whose points with values in a unital commutative 
Q-algebra R are: 

P(R) := V^qR. 

li d := dimQ P, then any choice of basis of the vector space P gives an isomorphism 
P = A'^ of group schemes over Q. We will equip P with the tautological action of 
the group scheme GLy. 

We will be particularly interested in those elements g € GLy, for which there 
exists an element xig) G Gm,Q such that ip{gv,gw) = xi 9 )'^iv,w) for all v,w €V. 
The following formulas determine group subschemes of GLy of special interest. 

(2.2) GIsO(y_^) := {g £ GLy : ip{gv,gw) = x{g)pj{v,w) Vw,^ e P}, 

(2.3) Iso(y^) := {5 e GLy : ip{gv,gw) = ip{v,w) Vu,^ e P}. 

There is also a map of group schemes 

X '■ GISO(y^^) 

9 ^ xig), 

which is a character of GIsO(y^^) such that IsO(y^^) = Ker y. 

Remark 2.4. Observe that for every a € Gm,Q by bilinearity of ip we have: 
^/’(aldyu, aldytu) =ip{av, aw) =a'^ip{v, w). 

Hence 

(2.4) aldy G GIsO(y^^) and x(® Idy) = 
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We also observe that: 


(2.5) 

( 2 . 6 ) 


GISO(y_^) 

IS 0 (y_^) 


GO(y_^) if n even 
GSp(y^) if n odd; 

if n even 
Sp(y^) if n odd. 


Definition 2.5. For any pure Hodge structure (not necessarily polarized) de¬ 
fine the cocharacter inn p. 42] 


(2.7) 


Moo,y : Gm(C) —>■ GL(Vc) 


such that for any z € , the automorphism fJ-oo,v(z) acts as multiplication by z ^ 

on V^’'^ for each p + q = n. 


Notice that the complex conjugate cocharacter is 

(2.8) poo,v • Gm(C) GL(Vc) 

such that for any z € , the automorphism fJ-coy(z) acts as multiplication by z“® 

on for each p + q = n. Observe that for v € and w € we have: 

(2.9) il^cipoa,viz)v, Poo,v{z)w) = il)c{z~'‘’v, z^~'^w) = z“”V’c(t, w), 

(2.10) ipc{jy^{z)v, Tjyyy {z)w) ='ii}c{z~‘^ V, z‘^~'^w) = z~'^'iijciv, w). 

Hence 

(2.11) Aioo.u(C^) CGlS0(y^)(C). 

Since Df^ commutes with /roo,u(C^) on Vc elementwise, it is clear that: 

(2.12) Moo,u(C^) C Cd,, GlS0(y ^)(C). 

Let S := i?c/R ^m- The product ^oo.uMoo.v restricted to each 0 gives the 
homomorphism of real algebraic groups: 

(2.13) hoo,v '■ S —>■ GLvi . 

It follows from (12.9L (12.101) that there is the following commutative diagram: 


■ Iso, 


(URibR) 
hoo,v 


GIso, 


(Vr,V’]r) 

hoo.V 


•U(l) 






Definition 2.6. (Mumford-Tate and Hodge groups) 


( 1 ) The Mumford-Tate group of (V-,ip) is the smallest algebraic subgroup 
MT(G, i/;) C Glso(y^) over Q such that MT(y, i/))(C) contains ^oo,v'(C). 

(2) The decomposable Hodge group is DH(t/, i/i) := MT(V,'0) nlsO(y_^). 

(3) The Hodge group H(G, i/>) := DH(G, i/>)° is the connected component of 
the identity in DH(V, i/;). 

We can equivalently define the Mumford-Tate and Hodge groups as follows. 

( 1 ) The Mumford-Tate group of {V,ip) is the smallest algebraic subgroup 
MT(G, -ip) C Glso(y^) over Q such that MT(y, i/’)(C) contains /ioo,y (S(C)). 

(2) The Hodge group of (V, ip) is the smallest algebraic subgroup H(l/, ip) C 
Iso(y^) over Q such that H(G, i/))(C) contains hoo,v{U{l){C)). 
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Remark 2.7. Note that MT(y, i/;) is a reductive subgroup of GIsO(y,^) |Dll 
Prop. 3.6], [PSi Th. 2.19]. It follows by (|2.12ll that 

(2.14) MT(y,V') cC'^,(GIso(y,,^)). 

Moreover C IsO(y_^), hence 

(2.15) H(P,V') CCz3,(IsO(y,^)). 

For additional background on Mumford-Tate groups, see the lecture notes of Moo- 

nen [MoTllMo^ . 

In our investigation of the algebraic Sato-Tate group for Hodge structures, we 
will need to investigate not only Dh but possibly also other subrings D C EndQ(P) 
such that D acts on P ® C preserving the Hodge decomposition: C for 

all p -|- q = n. Such a D commutes with Poo,y(C^) on Vc elementwise, hence: 

(2.16) Moo,y(C^) C C^i GIso(y ,^)(C). 

Hence it follows by (12.161) that 

(2.17) MT(H,V’) C Cz3(GIso(y,^)). 

(2.18) H(t/,V') cGz3(Iso(v,^)). 

Definition 2.8. The algebraic group: 

(2.19) L(H,i/>,D) :=C^(IsO(v,^)) 
is called the Lefschetz group of {V,ip) and the ring D. 

Remark 2.9. By p.l8|) and the connectedness of H(l/,^), we have 

( 2 . 20 ) R{V,i^)cUV,i>,D). 

In particular 

( 2 . 21 ) RiV,^)cUV,^,Dh). 

3. Twisted Lefschetz groups 

Let D C EndQ(H) be a subring such that the action of D of H (8> C preserves 
the Hodge decomposition, i.e. C for all p, q. 

Eix a number field F and an algebraic closure F. In this paper, K/F will denote 
any finite extension contained in F. We assume that the ring D admits a continuous 
representation of the absolute Galois group Gp oi F such that its restriction to Gk 
is denoted: 

(3.1) pe : Gk AutQ(Z?). 


Definition 3.1. The fixed field of the kernel of pe will be denoted: 

:= 


Remark 3.2. The extension Kf-jK is finite Galois and Gk^ = Kerpe- The 
field Kg depends on if; in particular, it is not invariant under base change along 
an arbitrary extension LjK. However, it is obvious that ife will not change if we 
change base along an extension LjK such that L C ife- 
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Definition 3.3. For r e Gd\{Ke/K), define: 

(3.2) DL^(F, ij},D) := [g e IsO(y,^) : g[3g~^ = Pe{T){l3) M(3 S D}. 

Because D is a finite-dimensional Q-vector space, DL)(-(F,-0, D) is a closed sub¬ 
scheme of IsO(y for each t. 

Definition 3.4. Define the twisted decomposable algebraic Lefschetz group for 
the triple {V, ip, D) to be the closed algebraic subgroup of IsO(y_^) given by 

(3.3) DLk(F,i/-,D) := \J DL],{V,iP, D). 

TGGal(KJK) 

For any subextension L/K of F/K, we have DLl{V,iP, D) C DLk{V,iP, D) and 
DL‘^(F, iP, D) = DL*^(F, ip, D). Hence: 

(3.4) L(F, ip, D) = DL|(F, ip, Df = DL^(F, ip, Df = 

= i3i}i{y,ip,Dy = Dl.L{V,iP,Dr. 

In particular, 

(3.5) DL^^ (F, ip, D) = (F ip, D) = D%(F, ip, D) = DL|(F, iP,D), 

(3.6) L{V,iP,D)=DLKyV,iP,Dy =F)LpiV,iP,D)°. 

Theorem 3.5. The twisted decomposable Lefschetz groups have the following 
properties. 

1. F)lj'y{VyipyMs{D)) = DL^(F,^,D) for every t € GsX{Ke/K). 

2. Let {Vi,ipi) be polarized Hodge structures and let be finite-dimensional 
Q-algebras preserving the Hodge structures F- Let admit a continu¬ 
ous Gx-action. Put (y,ip) := ©^^^(FjF) L) := 0!=! Lti- Then 
I)Ly(y,ip,D) = nLi F>L'y{Vi,ipi,Di) for every t e Gal{Ke/K). 

3. Let {Vi,ipi) be polarized Hodge structures and let Di be finite-dimensional 
Q-algebras preserving the Hodge structures F- Let Di admit a continuous 
Gx-action. Put {V,ip) := 0-=i(F*b V'l*’) D := OLi LLsADi). Then 
DL'y(y,ip,D) ^ nLi DL^(F,?/'i, A) for every r e Gal{Ke/K). 

Proof. 1. Let A be the homomorphism that maps IsO(y_^) naturally into 

(3.7) diag(ISO(y_^), . . . ,ISO(y_^)) C IsO(y<i_. 0 s) . 

Since Q Q D, we have Ms(Q) C Ms{D). Directly from the definition of the twisted 
decomposable Lefschetz group, we get DL)^(F®, '0'*, Ms(D)) = A(DL)^(F ip, D)) = 
DLy{V,iP,D). 

2. The proof is very similar to the proof of 1, using the fact that uu Q c n:=i A. 

3. This follows immediately from 1 and 2. □ 

Remark 3.6. Theorem 13.51 remains true if we replace DLy{V',ip\ D') with 
,ip',D')° for all polarized Hodge structures V',ip' and corresponding rings 
D' with Galois actions that appear in the theorem. Since we have L{V',ip', D') = 
DV^iy',ip', D')°, the Lefschetz group satisfies properties 1-3 of Theorem 13.51 
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Remark 3.7. Observe that we have 
T)Ijk{V,iI),D) := {g e IsO(y,^) : BtGGkV/S GD gl3g~^ = Pe{T){l3) } 
Changing quantifiers we get another group scheme 

(3.8) DLk{V,^ 1),D) ■= {g ■. M(3 & D3 t &Gk gl3g~'^ = pe{T){l3)} 

Observe that T>Ijk{V,iIi,D) C DL/f (C, ■)/;, £>). 

Remark 3.8. Observe that (j2.18p implies that 

(3.9) H(y,V>) CDL|(y,V',i?) CDLK(C,V’,i^). 


4. Hodge structures associated with Z-adic representations 


Let (C,'(/') be a rational pure polarized Hodge structure of weight n ^ 0. Put 
Hi = H ®Q Qi and in := i Oq Q;. Let {Vi,ii) := (V Qi,i Oq Q;) and assume 
that the bilinear form ii : Vi x Vi ^ Qi{—n) is G/f-equivariant and the family of 
Z-adic representations 

(4.1) Pi : Gk ^ GlsoiYuii) 


is of Hodge-Tate type and strictly compatible in the sense of Serre. We assume 
that outside of a finite set of primes of Ok: for each v the complex absolute values 
of the eigenvalues of a Frobenius element at v are q-S . 


The form ii is (—1) "-symmetric by the assumptions on the Hodge structure. 
Hence 


(4.2) 


Glso{Vi,ii) 


GO{Vi,ii) if neven; 
GSp(V;,'0i) if nodd. 


Let X be the character defined in (12.21) and let Xc : Gk —t be the cyclotomic 

character. Then by the Gif-equivariance of ii we obtain: 


(4.3) 


X°Pi = Xc 


Remark 4.1. For a representation pi of Hodge-Tate type, the theorem of 
Bogomolov on homotheties (cf. |Su[ Prop. 2.8]) applies, meaning that pi{Gk) H 
Qf' Idy, is open in Idy,. Moreover, Bogomolov proved |Bog| Theoreme 1] that 
Pi{Gk) is open in Gf^f (Q;). 

Remark 4.2. Strictly compatible families of Z-adic representations of Hodge- 
Tate type arise naturally from etale cohomology. Indeed, if X/iF is a proper scheme 
and X := X F then := Hl^{X, Qi) is potentially semistable for each Gk^- 
representation for everv ujZ ("see [Tsl] Cor. 2.2.3]. [Til]). Hence the representation 

(4.4) pi,et : Gk ^ Gh{Vi\,) 

is of Hodge-Tate type (cf. |Sul p. 603]). 


Definition 4.3. Let 

(4.5) Gf's :=Gf;|.(H,i/>)cGIso(v^,,^,) 
be the Zariski closure of pi(Gk) in GIsO(y, . Put: 

(4.6) Pi{Gk)i := Pi(G/f) in IsO(vi_^,), 
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(4.7) := := n IsO(v,.^,) ■ 

By the theorem of Bogomolov on homotheties (see Remark I4.ip , there is an exact 
sequence 

(4.8) 1 ^ Gt]l, Gt% ^ ^ 1. 

Remark 4.4. If pi is semisimple, then G^\ is reductive; hence in this case 
the algebraic group Gf^ ^ is also reductive, by virtue of being the kernel of a 
homomorphism from a reductive group to a torus. 

Naturally pi{Gk)i Q G^k i- Let K C L (Z F he a tower of extensions with 
L/K finite. Consider the following commutative diagram with left and middle 
vertical arrows injective: 

(4.9) 1-. Gf'l i-- Gt% Gm -- 1 

It is clear that ^ fl Gfl = Gfl If L/K is Galois, then it follows from 
the diagram (HU) that there is a monomorphism: 

(4.10) jL/K ■ Pi(G_R-)i/ pz(Gl)i ^ Pi{Gk) / Pi{Gl)- 


Proposition 4.5. Let K Z L G M with M/K and L/K Galois. The map 
Jm/k o.'n isomorphism if and only if /m/l are isomorphisms. 

We observe that for any finite Galois extension L/K the natural map is an epimor- 
phism ZavL/K := ZarpL/x- 

(4.11) Zar^/x -. Pi{Gx) / Pi{Gl) <|- / <1 • 

The proofs of the following three results: Theorem 14.61 Proposition 14.71 Theo¬ 
rem [431 are similar to the proofs of HH Theorem 3.1, Proposition 3.2, Theorem 
3.3]. Theorem 14.81 is a generalization of the result of Serre |Se3l §8.3.4]. As usual, 
for an algebraic group G we put 7ro(G) := G/G°. 

Theorem 4.6. Let K Z L Z F with L/K finite Galois. The following natural 
map is an isomorphism of finite groups: 

(4.12) ZL/K : GtlJGtX, ^ Gt%/G/% 

In particular there are the following equalities: 

(4.13) (Gf;|)° = (Gf'f)“ and (Gfy,)“ = (Gf'f 
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Proof. It is clear that Gf'l <i and ^ On the other hand, 

there is a surjective homomorphism pi{G k)/P i{G l) —t Gf^/Gff^, so Gfl is a 
subgroup of Gf^ of finite index. In particular, = {Gf\)°. 

The following commutative diagram has exact rows. The left and the middle 
columns are also exact cf. (ITSI) . 


/^alg 


alg 

L 


Gr, 


/^alg 


^alg 


^alg /^alg _^ 1 

= ih 

Gfl/Gg -- 1 




1 


1 


Then a diagram chase (as in the snake lemma) shows that the third column is 
also exact, so the map il is an isomorphism. Hence it is clear that i)° = 


(G 


alg 

IMS 


r- 


□ 


Proposition 4.7. Let the weight of the Hodge structure be the odd integer 
n = 2m + 1. There is a finite Galois extension Lq/K such that G^'|^ = (Gg)" 

Gg.,. = (Gg.i)"- 

Proof. Since the subscheme {Gff.)° is open and closed in Gf^ and pi is 
continuous, we can find a finite Galois extension Lq/K such that pi{Glo) C {Gf\)°. 
Hence Gf^^ C {Gff.)°. Since we already have the reverse inclusion, we obtain the 
first desired equality. 

Consider the restriction of the gadic representation to the base field Lq- Using 
the Hodge-Tate property of V/, after taking C points in the exact sequence (14.81) 
one can apply the homomorphism h [Si3l p. 114] defined by Serre to get the 
homomorphism: 

h : G™(C) ^ Gf^iC) 

such that for all x G Gm(C), h(x) acts by multiplication by x^ on the subspace 
YP,n-p^ One checks that x(/i(a;)) = a;" for every x G Gm(C) (see the diagram 
preceding Definition 12.61) . Let 

w : G„(C) ^ GfX(C) 
w{x) = ccldvc 
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be the diagonal homomorphism; this is well-defined thanks to Remark f4.ll We know 
iR.emark 12.41) that for every x £ (Gm(C). Hence the homomorphism 

s : G„(C) ^ GtXiC) 

s{x) := h{x)w{x)~'^ 

is a splitting of y in the following exact sequence: 

1 ^ ^ ^ cx ^ 1. 

Observe that (C) is a connected Lie group. Take any two points go and gi in 
Gfl^ i(C). There is a path a{t) G G^*|^(C) connecting go and gi, i.e., a(0) = go 
and Q!(1) = gi- Define a new path 

Pit) ■= six{ait)))~^ait) e Gf'l-JC) 

Observe that: xiPit)) ■= x(s(x(a(t)))”^)x(a(t)) = x(aW)”^x(a(0) = 1- We 
easily check that P{0) = go and /3(1) = gi. Hence /3(t) G Gf\^ ^(C) connects go 
and gi- It follows that Gfl^ ^ is connected, hence Gfl^ ^ = (G^*|- ^)°. □ 

Theorem 4.8. Let n he odd. The following natural map is an isomorphism: 
ice ■■ MGtK,i) ^ MGtlc)- 

Proof. Choose Lq as in Proposition 14.71 Put L := Lg in the diagram of the 
proof of Theorem 14.61 Then ice = which is an isomorphism by Theorem 

1461 □ 


Remark 4.9. The natural continuous action by left translation: 

(4.14) Gkx MGt%)^MGt%) 

and Theorem 14.81 give the following continuous action by left translation: 

(4.15) Gk X 7ro(Gf;|. ^) ^ MGtl,)- 

5. Algebraic Sato-Tate conjecture 

In this chapter we assume that the Hodge structure {V, ip), the ring D and the 
family of Ladic representations pi : Gk —)• GIso(Vi, V'O satisfy all the properties 
assumed in chapters 2-4. We also assume hereafter that n is odd; the case where n is 
even requires some modifications to the definitions, which we will discuss elsewhere. 

One of the main objectives of this paper is the investigation of the following 
conjecture: 

Conjecture 5.1. (Algebraic Sato-Tate conjecture) 

(a) For every finite extension K/F and for every I, there exist a natural-in-K reduc¬ 
tive algebraic group AST;f(l/,'0) C IsO(y,,/,) over Q and a natural-in-K monomor¬ 
phism of group schemes: 

(5.1) : Gf'l- i -A AST;f(l/,V’)Q,. 

(b) The map h5.1\) is an isomorphism: 

(5.2) astpK : Gf‘|. ^ ^ 


ASTKiV,i:)Q,. 
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Remark 5.2. We say that an algebraic group is reductive if its identity con¬ 
nected component is reductive. 

Remark 5.3. The requirement that ASTk(V,'iIj) and (j5.1|) are natural in K 
means that for any finite extension L/K there is a natural monomorphism of group 
schemes: 

ASTL(y,V') ASTk(F,V') 

making the following diagram commute: 

Gth —" ASTK{V,^h, 

Gtli —" ASTi(y,iA)Q, 


Definition 5.4. The group ASTk(D, i/j) is called the algebraic Sato-Tate group. 
A maximal compact subgroup of ASTif (V, ^)(C) is called the Sato-Tate group and 
is denoted STk(D, i/;). 

Remark 5.5. We will make the following abbreviations: ASTif := ASTk(V,' ip) 
and STx := STxiVjip), whenever they do not lead to a notation conflict. 

Remark 5.6. When the Hodge structure comes from the cohomology 

of a smooth, projective variety over K, then Conjecture [AT] is closely related to the 
Tate conjecture. 

Choose a suitable field embedding Q; —>• C and put := ^ Ciq, C. 

Naturally we have 7ro(Gj‘*|-^) = By Theorem 14.81 and an argument 

similar to the proof of [FKRSl Lemma 2.8], we have the following. 

Proposition 5.7. Assume that the algebraic Sato-Tate conjecture (Conjec- 
ture \5.1\) holds. Then there are natural isomorphisms 

(5.3) MGtl^) = M^STKiV,^)) - tt,{STk{V,^)). 

Remark 5.8. Assume that the algebraic Sato-Tate conjecture lConiecture l5.ll) 
holds. Then obviously the Sato-Tate group STi^(P, i/j) is independent of 1. Take a 
prime v in Ok and take a Frobenius element Fr^ in Gk- Following [Se3[ §8.3.3] 
(cf. [FKRSl Def. 2.9]) one can make the following construction. Let Sy be the 
semisimple part in SLy(C) of the element 

<Z.”^P/(Fr„) G Gf;|.,(C) ^ AST;f(H,i/>)(C) C Iso(y.^)(C) C SLy(C); 
since the family (pi) is strictly compatible, Sy is independent of 1. By [El Theorem 

_ n 

15.3 (c) p. 99], the semisimple part of ^p;(Fr„) considered in Is 0 (y_^)(C) and in 
ASTi<'(l/,^)(C) is again s„, and so is again independent of 1. Hence conj(s„) in 
ASTif(H, !/:)(€) is independent of 1. Obviously conj(s^) C ASTx(H, i/^)(C) is inde¬ 
pendent of the choice of a Frobenius element Fr^, over v and contains the semisimple 
parts of all the elements of conj(g„ ^ p;(Fr„)) in AST^f (H, V’)(C). Moreover, the ele¬ 
ments in conj(s„) have eigenvalues of complex absolute value 1 by our assumptions, 
so there is some conjugate of Sy contained in ST/f (V, i/;). This allows us to make 
sense of the following conjecture. 
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Conjecture 5.9. (Sato-Tate conjecture) The conjugacy classes conj(s^) in 
STif(y,'0) are equidistributed in conj(STif(V,^)) with respect to the measure in¬ 
duced by the Haar measure of STk(V^'>P)- 


Remark 5.10. If we are only interested in the isomorphism (15.311 for a fixed 
I, then it is enough to assume the existence of ASTi^(t/, i/;), as in Conjecture 15.11 
and the existence of asti^K which is an isomorphism for this particular 1. 

We now use the twisted Lefschetz group to obtain an upper bound on the 
algebraic Sato-Tate group. 

Remark 5.11. We will assume in this and the next three chapters that the 
induced action of D on Vj is G/f-equivariant. In other words, V/3 £ D, Vw; G Vi and 
WaeGK: 

(5.4) pi{a){l3vi) = aiP) pi{a){vi). 

This immediately gives: 

(5.5) pi{a)l3pi{a~^){vi) = a{j3){vi), 

(5.6) Pi{Gk)i C 

We will observe, by (15.81) and (15.121) below, that: 

(5.7) Gf;® 1 CDLk(C,iA,71)q,, 


We are interested in finding polarized Hodge structures (H, ^) and rings D 
for which G))\ ^ = DLi<'(H, ■)/>, T))q, for each 1. In such cases ASTK{V,tp) = 
DLx(H, Ip, D). We explain in this chapter that the equality Gf^ ^ = DTk{V, ip, G)q, 
is equivalent to Gf\^ ^ (H, II)q, . 

Definition 5.12. Put: 

{Gt%r := {g G Gt% : gPg-^ = Peirm V/3 G D}, 

Observe that 

(5.8) (Gf'|.i)"CDL^(l/,i/>,D)Q,. 


Remark 5.13. Let f G Gk be a lift of t G GdX{Ke/K). The coset tGk,, 
does not depend on the lift. The Zariski closure of pi{fGK^) = Pi{t) pi{Gk^) in 
GIso(v,,v-,) is Piif) Gf‘1-^. Since pi{t) pi{GkJ C (Gf_^|-)^ then pi{t) Gf_‘|-^ C (Gf_^|-)^. 
Because: 

(5-9) Pi{Gk)= |_J Pi{t) PiiGxe): 

T&Gal(Ke/K) 

gS= u «u)Gri- 

reGaKife/A") 


then 

(5.10) 
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This implies the following equalities: 

(5.11) <1 = □ (Gff )^ 

reGal(Ae/Ar) 

(5-12) = □ {GtX^y. 

reGal(A'e/A') 

Now we observe that Pi{t) Gf^^ = {Gffy^ for all t. This implies the equality 
= G^*|-^ ^ and the following natural isomorphism: 

(5.13) <i/(<i)'" = Gal(Ke/if). 

Since DL‘^(F, ip, D) = DLi<'^(t^, ip, D) = DL-p(l/, ip, D), we get 

(5.14) Gf;i^_iCDLx,(y,V',14)Q,. 

Hence by (|5.8I) . (15.131) and Theorem 14.81 there are natural isomorphisms: 

(5.15) Gf;|,i/(Gf;|.^i)''i - BhK{V,iP,D)/Yil}y{V,iP,D) - Ga[{KjK). 


Theorem 5.14. The following equalities are equivalent: 

(5.16) Gt%^^,=DLKAV,yD)Q,. 

(5.17) Gt%,=DLK{V,y,D)Q,. 

Let Lf K be a finite extension such that L G F. The following equalities are equiv¬ 
alent: 

(5.18) GIX^^=^LlAV,iP,D)^,. 

(5.19) Gfl^=^LL{y,iP,D)^,. 

Moreover equalities (15.181) and (15.191) imply equalities (15.161) and (j5.17l) . 

Prooe. The equivalence of (15.161) and (I5.17|) follows from (15.151) . Chang¬ 
ing base to an extension LjK, the equivalence of (15.181) and (15.191) also follows 
from (15.151) . Observe that Ker(pe|GL) C Kerpe. Hence Ke C Lg. It follows that 
^^KyV,ip,D) = DLi^(H, ■)/>, £)) and Gff^^ ^ C Gf^^ Hence (15.141) and (j5.18l) 
imply (15.161) . □ 


6. Connected components of AST^f and ST^f 
Remark 6.1. Consider the continuous homomorphism 

(6.1) ei,K : Gk ^ Gf;|.(Qi). 

Since pi{Gk) is Zariski dense in Gff., this map induces the continuous epimor- 
phism: 

(6.2) ii,K ■■ Gk ^MGt%)- 
Since (G)^*|-)° is open in Gj^'l-, we get: 

(6.3) = Kereb.A = G^o 
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for some finite Galois extension /K. From Proposition 14.71 and Theorem 14.81 
it follows that Kq/K is the minimal extension such that and 

= (gS.i) °. In principle, Kq may depend on I; in Proposition 16.51 below, 
we will give conditions for the independence of Kq from 1. These conditions are 
satisfied in the case of abelian varieties; see Remark [031 

Let a £ Gk be a lift of cr € Gal(iFo/^)- The coset (tGkq does not depend on 
the lift. By the definition of Kq, there is an obvious isomorphism: 

(6.4) Gt%/{Gt%r = Gn\iKo/K). 

Also, the Zariski closure of pi{aGKo) = Pii^) Pi{Gko) in GIsO(v,,^,) is pi{T)Gf^^. 
Because 

(6-5) Pi{Gk)= IJ piia) pi(Gko), 

o-eGaKAo/A) 

by the definition of Kq we have: 

( 6 - 6 ) GfA= y 

CTeGal(Ao/A) 


Remark 6.2. Let Hi k,i '■= Pi ^{pi{Gk)i) and Ki := Observe that: 

^z,A((^i,A,i)°(*QO) = ^/,a(^;.Ao.i(*Q*)) “ ^/,a((^;.Ao Iso(vi_,/,,))(Qi)) = 

= £zT^(^r,Ao(‘Q')) G (Isoi^Vi,Pi)(Qi)) = Gko GGki = GkoKi- 

Remark 6.3. We observe that K C Kg C Kq. 


Proposition 6.4. Assume Conjecture \5.1\ (a) and assume that ssti^K o-nd 
asXpKo O'Te isomorphisms for a fixed 1. Let L/Kq be a finite Galois extension. Then: 

(1) ASTif„ = (ASTk)“. 

(2) STifj, = (STif)° up to conjugation in AST^f (C). 

(3) ASTif„ = ASTl . 

(4) STifj, = STl up to conjugation in ASTifQ(C). 


Proof. Gonsider the following commutative diagram. The bottom row is ex¬ 
act. The right vertical arrow is an isomorphism by ()5.3I) of Proposition 15.71 (cf. 
Remark 15.101) . 


(6.7) 1-^ ASTko.q,-^ ASTk.q, -^ 7ro(ASTK.Qj- 


ast; ^ 


asti^i<- 


1 


^alg 

'^LKo,l 


^alg 



1 


Since ASTxo.Qj is connected (since it is isomorphic to Gff.^ j), the exactness of 
the top row in (IQ) implies AST^o.Qi = (AST^ q,)° and in particular AST^^, = 
(ASTi<')°. By Proposition 15.71 we obtain 7ro(STx) = 7ro(AST/f) and 7ro(STifQ) = 
7ro(ASTi<'g) = 1. Hence by (1) we have ST/^^ C (STif)° up to conjugation in 
ASTi<'(C) because STif„ is connected and compact and ST^f maximal compact in 
ASTk(C). On the other hand (STif)° C (ASTk)°(C) = ASTko(C) by 7ro(STK) = 
7 ro(AST/f) and by (1). Hence (STif)° C STif^ up to conjugation in ASTif(,(C) 
because STif^ is maximal compact in ASTif(j(C). Hence (2) follows. To prove (3) 
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observe that I = Gf'l ^ because Gf'f is a normal subgroup of finite index in 

^t^Ko 1 1 connected. Then (3) follows from the following commutative 

diagram: 

^alg 

^alg 

and (3) implies (4) directly. □ 

Proposition 6.5. Assume that Coniecture \5.1\ holds for K and Kq. Then the 
field Kq is independent ofl. 

Proof. Assume that the corresponding equality to (16.31) holds for I' and Kq. Hence 
by Remark lOl the assumptions and Proposition l6.4l we have (ASTx)° = AST/f^ = 
AST/f/ . Then from continuity of the maps ci'^k and eu^K we find out that Kq C Kq. 
By symmetry, from continuity of the maps ci^k and ci^k we obtain Kq C Kq. □ 

Remark 6.6. Let G G N be fixed. Then Proposition 16.51 has the following 
version for all I > C. 

Proposition 6.7. Assume that for every I > C the homomorphisms d&ti^K 
and asti^Ko ai'e isomorphisms. Then the field Kq is independent of I > C. 

The surjectivity of (14.101) is a subtle point in the computation of Sato-Tate 
groups. Below we find conditions for the surjectivity. Let L/K be a finite Galois 
extension. Consider the following commutative diagram where Zbil/k '■= Zar;^ 
and Zbvlik. i := Zar;^ i. 






AST 


Ko, 


ASTz 


( 6 . 8 ) 


Pi{Gk)Ipi{Gl) Gt%/Gtl 


Jl/k 

Pi{Gk)i/pi{Gl)i — 


'I'LJK = 

/^alg /^alg 


We put 


if I >2 
if 1 = 2. 


Let K{pif'^) := where Xc ■ Gr Aut(^P") is the n-th power of the 

cyclotomic character mod 1. 


Lemma 6.8. Let LjK be a finite Galois extension. Assume that: 

(1) L n ") = K; 

(2) 1 + lZi Idy, C pi{Gk); 

(3) Zaxi^jR is an isomorphism. 

Then the maps Jl/k find Zsxj^jR i are isomorphisms. 
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Proof. By assumption (3), the upper horizontal arrow in (|6.8I1 is an isomor¬ 
phism. The left vertical arrow (see (14.101) 1 is a monomorphism, and by Theorem 
14.61 the right vertical arrow is an isomorphism. To show the theorem, it is enough 
to prove that the bottom horizontal arrow Zar^/^^ ^ is an epimorphism. For each 
(T S Gdl{L/K) we can choose, by assumption (1), a lift a G Gdl{F/K) such that 

Recall the natural exact sequence: 

(6.9) 1 —>■ lso(v,_. 0 ,) —>■ GIso(v',^y,,) —> Gm 1- 

Since piiGK) C C GIsO(v,_^,)(Qi), the choice of the lift a and the equality 

(1^ give x{pi{^)) G I + i'^i C Gm(Q/)- Hence sjxipii^)) G I + I'Ll because 
(1 -I- ILi)'^ = 1 + lLi. By assumption (2), there exists 7 G Gk such that pi{x) = 
\/x{pi{^)) Idy,. By Remark [2^ we have x(a Idy,) = for any a G Hence: 

( 6 - 10 ) xipii^T^)) = x{pi{^))x{piii))~^ = 1 - 

It follows that pi{(TX~^) G pi{Gk)i- Since: 

(6.11) pi{Gk) = U = U „gGai(L/K) 

crGGaKL/A) 

then by assumption (3): 

(6.12) G* = U «(-)gS = UU<1..<6/., 

o-eGaKL/A) 

where UVGGai(L/A) i® summation over some set of cr G Gal(L/Rr) such that 
pi{d) pi{Gl) are all different cosets of pi{Gl) in pi{Gk)- Because of (16.121) we have 
(Gf'|.)° C Gf'|. It is obvious that Gmldy, C (Gf'|-)°. Hence pi{x)) G {Gff.)° C 
Gff^. Hence pi{d)Gff^ = iL/K{pi{^X~^)Gff^ ^) and it follows that Zar^/^ ^ is an 
epimorphism. □ 

Corollary 6.9. Let L/K be a finite Galois extension. Assume that: 

(1) L n K{pf^) = K; 

(2) 1-I-Idy, C pi{Gk); 

(3) Zar^^/if is an isomorphism; 

(4) GKfGL = Pi{Gk)Ipi{Gl)- 

Then each eoset of Gk/Gl has the form AiGl such that: 

(1) Pii^i) G Pi{Gk)i; 

( 2 ) pi{Gk)i = UaiGi Pii^i) PiiGL)i; 

(3) = UaiGi Pii^i) ^i,L.p- 

Proof. Pick elements a G Gk which represent all of the cosets of Gl in Gk- 
Because of assumption (4), we have: 

(6.13) Pi{Gk)= U Piia)pi{GL). 

Gl 

By Lemma fG.Si the map jL jK is an isomorphism. Hence for every a there is ai G Gk 
such that pi{ai) G pi{Gk)i and pi{a)pi{GL) = pifdi)pi{G l)■ By assumption (4) 
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we obtain ctCl = cti Gl- Since Jl/k is an isomorphism, the claim (2) holds. The 
claim (3) follows because Zar^^/ic, i is an isomorphism by Lemma 16.81 □ 


Theorem 6.10. Assume that: 

(1) K, n = K; 

(2) 1 + IZi Idy, C pi{Gk). 

Then all arrows in the following commutative diagram are isomorphisms: 


(6.14) 


Pi{Gk)/pi{GkJ 


Zar 


Ke/K 


/^alg /^alg 
'-’LK/'-'LKe 


3K^/K 


^Ke/K 




^alg /^alg 


Proof. By (15.91) and (I5.10|) . the upper horizontal arrow Ta^xk^ik in diagram 
(16.141) is an isomorphism. Now the assumptions (1) and (2) and Lemma 16.81 show 
that all of the arrows in (16.141) are isomorphisms. □ 


Theorem 6.11. Assume that: 

(1) Ko n K{pf^) = K, 

(2) 1 + lZi Idy, C pi{Gk)- 

Then all arrows in the following commutative diagram are isomorphisms: 


(6.15) 


Pi{Gk)/pi{Gko) 



alg 

l,Ko 


jKg/K 


Pi{Gk)i/pi{Gko)- 




'^-Kq/K ^ 


^alg /^alg 


^LK 


i/g; 


l,Ko,l 


Moreover each coset of Gk / Gkq has the form di Gkq such that: 

(1) Pi(d'i) G Pi{Gk)i; 

( 2 ) pi{Gk)i = UsiCko P*(^i)P'(Gao)i; 

(i^) ^l,KP ~ UaiG/fo 

Proof. It follows from (16. 5p and (16.6|) that the upper horizontal arrow Zar^giK 
in diagram (I6.15P is an isomorphism. Now the assumptions (1) and (2) and Lemma 
16.81 show that all of the arrows in (|6.15p are isomorphisms. The isomorphism 
(IS31) shows that the assumption (4) of Corollary 16.91 is fulfilled, i.e., GkIGkq — 
Pi{G k)/P i{GK q)■ Hence the claims (l)-(3) follow by Corollary 16.91 □ 

Theorem 6.12. Assume Coniecture \5.1\ fal and assume that for some I : 

(1) Ko n K{pf^) = K; 

(2) 1 + lZi Idy, C pi{Gk); 

(3) astj^if is an isomorphism. 

Then: 

(6.16) AST;,,q, = U~ ASTko,q, 
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(6.17) STk = U- STko 

In particular the Sato- Tate conjecture (Conjecture 1 5. .9)) on the equidistrihution of 
normalized Frobenii in the representation pi with respect to holds if and only 

if the conjecture holds for the representation pi \ Gko with respect to . 

Proof. By Theorem 16. Ill we get 

(6.18) = 1_J~ o ■ 

' -'<71 CKq 

Hence by Proposition 15.71 we get the equality (I6.16|) which, under base change to C, 
taking C-points and restricting to maximal compacts, gives the equality (16.171) . □ 

Let us now specialize the previous discussion to abelian varieties. 

Remark 6.13. Fix an embedding of K into C. Let {V,ip) be the Hodge 
structure associated to an abelian variety A over K (i.e., n = 1, V Hi{Ac,Q), 
and ip is the pairing induced by a polarization of A). Take D to be End(Hp)Q 
(noting that this coincides with Dh — D{V,ip)). Let Ti{A) be the Tadic Tate 
module of A and let Vi := Vi{A) := Ti{A)®i^ Q;. Let pi be the Galois representation 
of Gk on Vi- In this case, all the assumptions made in chapters 2-5 are satisfied, 
and the resulting definitions agree with the corresponding definitions made in [BK] . 

J.-P. Serre proved that the index e{l) of the group of homotheties in 

Pi{Gk) in the group of all homotheties is bounded when I varies. Hence there is 
c € N such that (Zf )‘^ Idy, C pi{Gk) for all 1. Hence for every I coprime to c, we 
obtain 1 + / Z; Idy, C pi{Gk)- In this way, Serre established independence of Kq 
from I ; an explicit description of Kq in terms of fields of definition of torsion points 
was later given by Larsen-Pink m 

Corollary 6.14. With notation as in B,emark \6.1S[ suppose that A/F sat¬ 
isfies the Mumford-Tate conjecture, H(t/, = L{V,'ip, D), and DL/f^ (F, D) is 

connected. Then for I 3> 0, the Sato-Tate conjecture holds for AjK with respect to 
pi, if and only if the conjecture holds for AjKQ with repect to pi \ Gkq- 

Proof. Obviously for Z 0 the condition (1) of Theorem 16.121 holds. The 
condition (2) of Theorem [02] holds for / ^ 0 by the result of Serre [sal discussed 
in Remark 16.131 or by the result of Wintenberger [W1 Corollary 1, p. 5] showing 
the Lang conjecture. The condition (3) of Theorem 16.121 holds by [BKl Theorem 
6 . 1 ]. □ 

Corollary 6.15. With notation as in E,em,ark \6.1!A put g := dim A, and let E 
be the center of D. Assume that either g < 3 or A is absolutely simple of type I, II 
or III in the Albert classification with ^ odd, where d^ = [D : E] and e := [E : Qj. 
Then for I ^ 0, the Sato-Tate conjecture holds for A/K with respect to pi, if and 
only if the conjecture holds for AjKQ with repect to pi \ Gko- 

Proof. By [BGKli Theorem 7.12, Cor. 7.19], [BGK2i Theorem 5.11, Cor. 
5.19] and [BKj Theorem 6.11], abelian varieties considered in this corollary satisfy 
the Mumford-Tate conjecture and the properties: H(H) = L(H) and DLif^(H) 
connected. Hence the corollary follows by Corollary 16. 141 □ 

Remark 6.16. Some additional cases for which the conclusion of Corollarv l6.15l 
holds are provided by the Jacobians of (certain) hyperelliptic curves, thanks to the 
work of Zarhin 
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7. Mumford-Tate group and Mumford-Tate conjecture 

For A an abelian variety over K and {Va,iPa) the associated polarized Hodge 
structure (as in Remark [6.13L there is the following result. 

Theorem 7.1. (Deligne |D1[ I, Prop. 6.2], Piatetski-Shapiro |P-Sj . Borovoi 
[Bor] ; see also |Sel[ §4.1]J For any prime number I, 

(7.1) (Gr;|)°CMT(R4,^A)Q,. 

The classical conjecture for A/K states: 

Conjecture 7.2. (Mumford-Tate) For any prime number I, 

(7.2) {Gt%r =MT(yA,MQ,. 

There is a general Mumford-Tate conjecture in the context of Hodge structures 
associated with Z-adic representations 

Conjecture 7.3. (Mumford-Tate) For any prime number I, 

(7.3) {Gt%r =MTiV,^h,. 

Remark 7.4. Assume that analogously to (17.11) there is the following inclusion: 

(7.4) (Gf;|.)“ CMT(H,V-)q,. 

We see that (17.41) is equivalent to the inclusion 

(7.5) (Gf;|._i)°CH(H,V’)Q,, 

while the Mumford-Tate conjecture is equivalent to the equality 

(7.6) {GtliT =iiiV,^hr 

This follows immediately from the following commutative diagram in which every 
column is exact and every horizontal arrow is a containment of corresponding group 


schemes. (Recall that n is odd.) 

1 1 1 

(<i.i)° - - DH(R,V')q, -- Isov,.^, 

' ' 

(<|-)° -- MT(H,j/:)q, -- Glsoy,,^, 

' ' ' ' 

G 

m —=-^ G 

m — -^ G 

m 

1 1 1 


The Mumford-Tate and Hodge groups do not behave well in general with re¬ 
spect to products of Hodge structures, as can be seen in the case of abelian vari¬ 
eties [GJ p. 316]. However, one has the following simple and well-known result (see 
for instance [Mo2l (4.10)]); for more detailed discussions of products, see any of 
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Theorem 7.5. The Mumford-Tate groups of Hodge structures have the follow¬ 
ing properties. 

1. An isomorphism of rational, polarized Hodge struetures a : (Vijipi) —>■ 
{¥ 2 , 1 ^ 2 ) induces isomorphisms MT(Vi,'0i) = MT(V2,'02) andli{Vi,ifi) = 
H(F 2 , 02 ). 

2 . For ly, 0) is a rational, polarized Hodge structure, let (V, ipY := 0^=1 (^) V')- 
Then MT((T/,0)*) ^ MT((T/,0)) andH{{VyY) = H((T/,0)). 

One can make a corresponding calculation also on the Galois side. 


Theorem 7.6. We have the following results. 

1. An isomorphism 0 : (Vi^i,0i_0 —>■ (V2,i,02,;) of Qi[GF]-modules induces 

isomorphisms: 02.i) and Gf^ Y^i^i,Yi,i) = 

Gt%yV2,i,Y2,i)- 

2. 7/(10,0;) is aQi[GF]-module then for any positive integers, Gf^ ivfyt) = 
Gt%{Vi,Yi) and Gf;| 01^00f) = Gf^f ^(^,,00. 


Proof. 1. Obvious. 

2. There is a natural isomorphism pi.Uj® = A^Pi,Vi which Apiy, : Gk 
Glso((t0)'*, 0f) is the natural diagonal representation Apiy, = diag(pi,vi,..., piy,). 
Hence 

PiypiGy = ^piyiGK) = piy,{GK), 

This gives 

GtUViYYt) = AGt%yi,Yi) = Gt%y,Yi). 

Moreover 

GtliiViYY!) = Gr;s(l/0,0f) nlso((y,).,^.) - AGf;f (17,00 nlso((v,).,^.) 

- Gf;i(i0,00 niso((v,),^,) = Gf;i^i(i0,00. 

□ 


Corollary 7.7. If the Mumford-Tate conjecture holds for V then it holds for 
for any positive integer s. 

Proof. It follows from Theorems 17.51 and ITTI □ 

Remark 7.8. Observe that if the Mumford-Tate conjecture holds for (P, 0) 
and K is such that Gff^ is connected, then for any s > 1 : 

( 7 . 7 ) GfiY^vyY) = mvyYW- 

Hence the algebraic Sato-Tate conjecture holds for {V,YY s > 1 with 

(7.8) ASTk((P,0)*)=H((P,0)^). 
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8. Some conditions for the algebraic Sato-Tate conjecture 

Let A be an abelian variety over K and let Da '■= End^ (T) Q- For the 
polarized Hodge structure (Vaj'^Pa), the inclusion H(Ha,'0a) C L(Va, V’a, L?a) can 
be strict, which makes the Mumford-Tate conjecture a subtle problem. Mum- 
ford |Mu| exhibited examples of simple abelian fourfolds for which li{VA,'fpA) ^ 
hpVAjipA, Da)- These examples have trivial endomorphism ring, but the con¬ 
struction was generalized by Pohlmann [Poh] to include some abelian varieties 
of CM type (see [MZ] for further discussion). Notwithstanding such construc¬ 
tions, in many cases where A has a large endomorphism algebra as compared to 
its dimension (e.g., under the hypotheses of Corollary I6.15|) . one can show that 
11{Va,iPa) = L(Va, V'A, L?a) and that the Mumford-Tate conjecture holds. 

Returning to the general case, let D C EndQ(H) be a Q-subalgebra. Let D 
admit a continuous GF-action. Let {V,ip) be a £)-equivariant, polarized Hodge 
structure. Let {Vijtpi) := {V Ciq Qhtp (8 )q Qi) be a family of Galois representations 
associated with the polarized Hodge structure {V,ip). In this chapter, we assume 
that the inclusion (17.411 holds. In this setting, we say that the Mumford-Tate con¬ 
jecture for (y, ip) is explained by endomorphisms if the Mumford-Tate conjecture 
holds and H(y, ip) = L(V, ip, D). The following theorem asserts that in cases where 
the Mumford-Tate conjecture is explained by endomorphisms and the twisted de¬ 
composable Lefschetz group over F is connected, the algebraic Sato-Tate conjecture 
is in a sense also explained by endomorphisms. 

Theorem 8.1. Assume that the following conditions hold. 

1. RiV,iP) = UV,iP,D) = BLkAV,^,D). 

2. {Gt%)° =MT{V,iP)q,. 

Then ji5.17\ j holds for every 1. Consequently, the algebraic Sato-Tate conjecture 
( Coniecture \5.1\) holds for {V,ip) with 

(8.1) ASTk(H, iP) = BhKiV, iP, D). 

Proof. It is enough to prove (15.1911 . By our assumptions and Remark [7.41 
we get (Gf'|.^^^)° = H(y,V')Q, = L{V,iP,D)q^ = DLK^iV,ip, D)q^. It follows that 
DLf:^ (V, Ip, D)q^ is also connected for every I, and by (15.1411 we obtain i)° = 

Remark 8.2. Under the assumptions of Theorem 18. 11 the results of Theorems 
17.5117.61 and 13.51 show that the algebraic Sato-Tate conjecture holds for U® for all s > 
1 with ASTK{V‘^,r)=DLKiV^,r,M,{D))^-DLKiV,iP,D)=ASTK{V,ii,D). 

Conversely, if the algebraic Sato-Tate conjecture for {V,ip,D) is explained by 
endomorphisms, so is the Mumford-Tate conjecture. 

Theorem 8.3. Assume that |5.77| ) and \8.1\) hold for every I (so in particu¬ 
lar, the algebraic Sato-Tate conjecture holds). Moreover, assume that {Gf\)° C 
MT(y,'0)Q,. We then have the following. 

1. A{V,iP) = L{V,iP,D). 

2. {Gt%)° =MT{V,iP)q,. 

Proof. By our assumptions and Remark mi (see (I7.5I1 '1. we have 

(8.2) {Gp%,)° C A{V,iP)q, C L{V,iP,D)q, = DLk{V,iP,D)°^^. 
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By (|8.1I1 we get 

(8.3) = DLk(1^, 

Hence by Remark [7^ we obtain = MT(H, . Moreover, since H(H, i/j) is 

closed in L{V,iIj,D), (18.31) gives 

(8.4) R{V,i;)=LiV,^,D). 

□ 


Remark 8.4. Recall that 

(8.5) L{V,iP,D)=BLK(y,^l;,Dy < DL^(H, i/-, i4) <a BLK{V,y,D). 
Consider the following epimorphism of groups: 

(8.6) BLKiV,y,D)/LiV,y,D) ^ DLx(H, 44)/DL^(fo, i/', ^) = G{K,lK). 

If {V,tp,D) satisfies the assumptions of Theorem 18.11 then the epimorphism (18.61) 
is an isomorphism. In this case we have an identification 

(8.7) ^o(ASTK(fo,i/,44)) ^ Gal(4fe/4f)- 

9. Motivic Galois group and motivic Serre group 

In the following sections we will give construction of the general algebraic Sato- 
Tate group in the category of motives for absolute Hodge cycles. See [DM] (cf. 
im], [PiH], [si2]) concerning the construction and properties of the category of 
motives for absolute Hodge cycles. We will also make the 4-adic realization of this 
construction explicit, and show that if a suitably motivic form of the Mumford-Tate 
conjecture holds then the algebraic Sato-Tate conjecture holds as well. 

Remark 9.1. The category of motives for absolute Hodge cycles enjoys very 
nice properties: it is a semisimple abelian category and its Horn’s are finite-dimen¬ 
sional Q-vector spaces. It is mainly due to the fact that the definition of Horn’s is 
explained via the Betti, etale and de Rham realizations [DMI Prop. 6.1, p. 197]. 
The advantage of use of this category of motives is that we do not need to assume 
standard conjectures in our constructions. 

Definition 9.2. Let AT be a number field. Choose an embedding of K into 
. Let .AdR" (resp. Ad) (see [DM]) be the motivic category for absolute Hodge 
cycles over K (resp. K). The Betti realization defines the fiber functor Hb ■ 

(9.1) Hb : A4k —^ Vccq. 

The functor Hb factors through the functor 

(9.2) M ■= M ®kK. 

For M G Adif let Mk{M) denote the smallest Tannakian subcategory oi Mk 
containing M. Let Hb\M.k{M) be the restriction of Hb to A4k{M). 


Definition 9.3. The motivic Galois groups are defined as follows [DM] . [Sil]: 

(9.3) := Aut®(iJB), 

(9.4) GM^{M)~Aut^{HB\MKiM)). 
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The algebraic groups Gai^Cm) are reductive but not necessarily connected (see 
[DM1 Prop. 2.23, p. 141], cf. [DM1 Prop. 6.23, p. 214], |Se2l p. 379]). Observe 
that the finite-dimensional Q-vector space HomA4y(M, N) G Ai^ is a discrete 
Gif-module, so we consider it as an Artin motive. Recall that is equivalent 
to RepQ(Gif), the category of finite-dimensional Q-vector spaces with continuous 
actions of Gk- 

Definition 9.4. Fix a motive M and put: 

(9.5) D ■- D{M) := EndA,^(M) 

Let h^{D) denote the Artin motive corresponding to D. Let Ad\{D) be the smallest 
Tannakian subcategory of Ai%^ containing hP{D) and put: 

(9.6) G^o^(ii) :=Aut®(i7°|M°f(D)). 


There is a natural embedding of motives [DMl p. 215], [Jail P- 53]: 

(9.7) /i°(D)cEndA4,(M)W=EndA4,(M). 

Recall that EiidA 4 ^(M) (-^) = <8)M G A4if (M). In addition Gj^o^ = Gk, so we 

observe that 

Gm°^(d) — Gdl{Ke/K). 

Since AiK is semisimple [DMl Prop. 6.5] and A4if(M) is a strictly full subcate¬ 
gory of Mk, the motive hP{D) splits off of End^^(jff)(M) in Mk- Moreover the 
semisimplicity of M.k, together with the observation that and A4if(M) are 
strictly full subcategories of Mk, shows that the top horizontal and left vertical 
maps in the following diagram are faithfully flat (see [DMl (2.29)]): 

(9.8) Gmk - ^Gk 


Gmk{m) -- Gal(iLe/if) 

In particular all homomorphisms in (19.81) are surjective. 

In the construction of Mk [DMl p.200-203] one starts with effective motives 
h{X) and morphisms between them: 

(9.9) KouvmAKX), h{Y)) := Mor^nC^, i") := CH1 h(^ x Y) 

where X and Y are smooth projective over K and X is of pure dimension d. This 
leads swiftly (via Karoubian envelope construction etc.) to the definition of the 
motivic category for absolute Hodge cycles Mk- In particular ^ou\Mk{^, 
for any M,N G Mk, are relatively easy to handle. The obvious grading of the 
cohomology ring brings the decomposition of the identity on h{X) into a sum of 
the natural projectors: 

(9.10) idh(x) 

i>0 

As a result we get the natural decomposition [DMl p. 201-202]: 

(9.11) h{X) = 0 h\X) 

i>0 
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where h'’{X) := (h{X), tt*). See also [.Talj and [Pan| for additional information 
about Mk- 

Since M-k is abelian and semisimple, every motive M € M.k is a direct sum¬ 
mand of h{X){m), the twist of h{X) by the m-th power of the Lefschetz mo¬ 
tive L := /i^(P^) for some m € Z. The direct summands of motives of the form 
h'"{X){m) will be called homogeneous motives. Let L/K be a field extension such 
that K C L C K. Then in A4 l, the motive M L € M.l is a direct summand of 
the motive h{X L){m). 

Observe that HB\MK{h''{X)) {h^{X)) = HB{h^{X)) = H^{X{<C.),Q) and 

V := H'^(X(C), Q) admits a Q-rational polarized Hodge structure of weight r with 

polarization i/i’’. The polarization comes up as follows. It is shown in [DM1 pp. 
197-199] (cf. [Panl p. 478-480], |Jal[ pp. 2-4]) that if dim X = d, then there is 
an element '0’' £ x X) such that for every embedding a : K ^ C, 

induces a Q-bilinear map: 

(9.12) r ■■ KiXiC), Q) X K{X{C), Q) ^ Q(-r) 
which gives the polarization := tp'' (8 >q R of the real Hodge structure: 

(9.13) ru ■■ KiX{C), R) X HP{X{C), R) ^ R(-r). 

It is then shown [DM] Prop. 6.1 (e), p. 197] that the Hodge decomposition of 

V (8 >q C is D = Zl(M)-equivariant for M = h'^{X). 

In effect, for any homogeneous motive M € Mk, this induces the polarization 
of the real Hodge structure associated with the rational Hodge structure on the 
Betti realization V := Hb{M). The Hodge decomposition of V C is again 
D = I?(M)-equivariant. 

From now on in this paper, M will always denote a homogeneous motive. 

By the definition and properties of Aut®(i7B|A4if (M)), cf. [DM! p. 128-130] 
and computations in [DMi p. 198-199], we have: 

(9.14) Gmk(m) C GIso(y^^). 

Definition 9.5. Define the following algebraic groups: 

Gmk{M),1 ■= Gmk(M) nIS0(y_^) 

G°Mj^{M),1 '■= {Gmk<,M))° nIS0(y_^) . 

The algebraic group G_Mj^(^m).i will be called the motivic Serve group. 

Remark 9.6. Serre denotes the group by [Sill P- 396]. 

Definition 9.7. For any r G Ga\{Ke/K), put 

(9.15) GlsoCy,^) := {g G GIsO(v,^) : gl3g~^ = Pe{T){l3) G D}. 

We have: 

(9.16) □ GlsoCy ,^) C GIso(i/^.0) . 

rGGaKATe/iC) 
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Observe that 

(9.17) = Cb(GIso(v,^)). 

Remark 9 . 8 . The bottom horizontal arrow in the diagram (19.81) is 

(9.18) Gmk{m) — Gal{Ke/K). 

Let g G Gj^^(^m) and let r := T{g) be the image of g via the map (19.181) . Hence for 
any element j3 G D considered as an endomorphism of V we have: 

(9.19) gPg-^ = pe{T)[li). 

Definition 9.9. For any t g Ga\{Kf./K), put 

(9.20) := {g G Gmk{m) '■ gPg ^ = pe{T){f3), V/3 G D}. 

It follows from (I9.19|) . (|9.20|) . and the surjectivity of (I9.18|) that 

( 9 - 21 ) Gmk(m) = 1_J 

TGGal(Ae/Ar) 

It is clear from (I9.14|) and (19.151) that 

(9.22) C GIso[y_^) . 

Hence (19.191) and (I9.21|) give 

(9.23) (Ga^(m))° <1 

The map (I9.18|) gives the following natural map: 

(9.24) Gmk{m),i ^ Ga\{KjK). 

Definition 9.10. For any r G Ga\{Kf,/K) put 

(9.25) := {g G Gmk{m),i'■ gPg ^ = Pe{T){[3), V/3 G D}. 

It follows that there is the following equality 
(9-26) ;^ = G7 V(^(m),i n 

Let T G Gal{Ke/K). By (13.21) . (13.31) . (19.221) we have 
(9-27) cDL]^(F,iA,D) 

(9.28) Gm^(m),iCDLk{V,^,D). 

The equality (19.211) gives: 

(9.29) Gmk{m),i = |_J 

TgGal(Ae/Ar) 

Hence: 

(9.30) (Gy/iK(M),i)° < < G_a^^(m),i, 

so (19.261) gives: 

(9.31) 


G / /^id r~ / /^id 
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Remark 9.11. The Z-adic representation 

(9.32) PI : Gk^ GL{Vi) 

associated with M factors through Gmk(m){Qi) (see |Panl Corollary p. 473-474] 
cf. |Se2l p. 386]). Hence 

(9.33) Gf^^ C G_Mk{m}q^ 

where := Gmk(m) Gq Qi- 


10. Motivic Mumford-Tate and Motivic Serre groups 

Since X/K is smooth projective and hence proper, Remarks 14.11 and 14.21 show 
that Vi := H^{X, Q;), the Z-adic realization of the motive h'^{X), is of Hodge- 
Tate type. Hence the image of the representation pi, contains an open subset of 
homotheties of the group GL(V;) [Sul Prop. 2.8], and similarly for any Tate twist 
such that H'^{X, Qi{m)) has nonzero weights. 

Remark 10.1. In the previous statement, the assumption of nonzero weights is 
essential. Indeed, if X has dimension d, then H'^‘^{X, Qi{d)) = Qj as Gif-modules. 
Hence the action of Gk on H‘^'^{X, Qi{d)) is trivial, so the image of the Galois 
representation is a trivial group and hence does not contain homotheties. 

From now until the end of the paper, let M G Mk he a motive which is a direct 
summand of a motive of the form {X){m). We assume that the Z-adic realization of 
h'^{X)(rn) has nonzero weights with repect to the Gif-action. The Z-adic realization 
of M is a Qi[GF]-direct summand of the Z-adic realization of Zi'’(X)(m). Hence the 
Z-adic representation corresponding to Vi := Hi[M) has image that contains an 
open subgroup of homotheties. 

In the following commutative diagram, all horizontal arrows are closed immer¬ 
sions and the columns are exact. 


f-ralg 

'-'LKp 


'-'LK 


G 


Mk (M),l(r 


G 






Gr, 


In particular it follows that: 

(10.1) G (GiWK(M),l)Qi- 

We have the following analogue of Theorem 14.81 


1 




GIso 


{ViM 


Gr, 


1 
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Theorem 10.2. Assume that ^ is connected. Then the following map 

is an isomorphism: 

iM : 7’‘o(G7h^(m),i) —> T^o{GMKiM))- 

Proof. We will write M{M) for A4k{M) in the following commutative dia¬ 
gram to make notation simpler. 

1 1 1 

Gm{m)p -^ '^o{Gm(m),i) -^ 1 

Gm{M) -^ T^o{GMiM)) -1 

1 -s- Gm -^ Gm -^ 1 

1 1 

By definition the rows are exact. The middle column is exact by the definition of 
Gmk(m),i and the exactness of the middle column in the previous diagram. Hence 
the map is surjective. Since has the same dimension as G;v(k(m),i and 

by assumption is connected, we then have = (Ga^k(m),i)°- 

Hence the left column is also exact. This shows that im is an isomorphism. □ 

Remark 10.3. Since Gmk(.m) is reductive, the middle vertical column of the 
diagram of the proof of Theorem 110.21 shows that G;v(k(m),i is also reductive. 

Corollary 10.4. Assume that ^ is connected. Then there are natural 

isomorphisms 

( 10 . 2 ) 

G / /^id ~ V / /^id 

(10.3) 

G id / \o —. /^id / //^ \o 

(10.4) 

Ga,^(m).i/G^^(m)_i ^ DLK{V,f;,D)/ DL^{V,f;,D) ^ Ga\{Ke/K). 

In particular the natural map 1^9.24^ is surjective. 

Proof. This follows from (18.611 . (19.2311 . (j9.30|l . (I9.3ip . the surjectivity of (19.1811 
and Theorem 110.21 □ 

Definition 10.5. The algebraic groups: 

MMTKiM) := Gmk(m) 

MSkIM) := Gmk{m),i 


{Gm{m),i)° 


{Gm{m))° 
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will be called the motivic Mumford-Tate group and (as before) the motivic Serre 
group for M respectively. 

Conjecture 10.6. (Motivic Mumford-Tate) For any prime number I, 

(10.5) = 

By the diagram above Theorem 110.21 Conjecture 110.61 is equivalent to the fol¬ 
lowing. 

Conjecture 10.7. (Motivic Sato-Tate) For any prime number I, 

(10.6) =MSk(M)q,. 

Remark 10.8. Coniecture ll0.6l is equivalent to the conjunction of the following 
equalities: 

(10.7) {G(%r = {MMTk{M)^X 

( 10 . 8 ) MG(%) = 

Similarly, Conjecture 110.71 is equivalent to the conjunction of the following equali¬ 
ties: 

(10.9) (Gf;|.,)° = (MSK(M)Q,)° 

(10.10) 7ro(Gf'|.i) = 7ro(MS;^(M)Q^). 

11. The algebraic Sato-Tate group 

As in the previous section, we work with motives M which are direct summands 
of motives of the form in this section, we propose a candidate for the 

algebraic Sato-Tate group for such motives. We prove, under the assumption in 
Definition 111.71 that our candidate for algebraic Sato-Tate group is the expected 
one. In particular the assumption of Definition 1 11. 71 holds if M is an AHC motive 
(see Definition 111.31 and Remark 111.41) . 

Remark 11.1. One observes l |Panl Corollary p. 473-474], cf. |Se2l p. 379]) 

that 

(11-1) MT(C,V')c(G^,(m))° 

Hence we get: 

( 11 - 2 ) RiV,X C {GM^iM),i)° 

Recall that G£)(IsO(y_^)) = DL‘^(T,D). It follows by (I9.17p . (|9.22l) . (I9.23L 
and (111.11) we get: 

(11.3) MT{V,X C {GM^mT c Gi^^(M) C GD(GIso(y,^)). 

Similarly by (I9.27L (19.301) . and (111.21) that: 

(11.4) HXi’) C {Gmk{M),i)° C 1 C GD(IsO(y,^)). 

Remark 11.2. Observe that (111.31) gives an approximation for t^o{G'mk(m)) 
and (111.41) gives an approximation for j^). 
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We observe that for n odd the equality 

(11.5) Ji{V,iP) = CD{lso^v,i,)) 
is equivalent to the following equality: 

( 11 . 6 ) MT{V,^P) = CoiGlso^v,^)). 

Definition 11.3. A motive M G Mk will be called an AHC motive if every 
Hodge cycle on any object of Mk{M) is an absolute Hodge cycle (cf. [ml p. 29 ], 
[PanI p. 473]). 

Remark 11.4. J-P. Serre conjectured [Se21 sec. 3.4] the equality MT(V,'!/)) = 
MMT/f (M)°. By [DM] the conjecture holds for abelian varieties A/K and for 
AHC motives M (cf. [Panl Corollary p. 474]). 

Remark 11.5. In |Se2l p. 380] there are examples of the computation of 
MMT/i-(M) = Gmk{m)- In [BKl Theorems 7.3, 7.4], we compute MMTx(Al) for 
abelian varieties of dimension < 3 and families of abelian varieties of type 1, 11 and 
HI in the Albert classification. 

If Serre’s conjecture MT(1/, ^) = MMTi^(M)° holds for M, then by ()9.33[1 the 
containment (El holds: 


(11.7) (Gf;|)“cMT(H, 1/^)0, 
and for n odd it is equivalent to: 

(11.8) (Gr;i-,i)“cH(H,i/>)Q,. 

In particular (111.71) and (111.81) hold for AHC motives (cf. Remark 111.41) . 

Remark 11.6. To obtain as an extension of scalars to Qi of an expected 
algebraic Sato-Tate group defined over Q, the assumption in the following definition 
is natural in view of (I11.2L (111.81) . Theorem 110.21 and Remark 1 11. 41 

Definition 11.7. Assume that MT(H, i/;) = MMT*:(M)°. Then the algebraic 
Sato-Tate group ASTk(M) is defined as follows: 

(11.9) ASTk(M) :=MSa:(M). 

Every maximal compact subgroup of AST^f (M)(C) will be called a Sato-Tate group 
associated with M and denoted STif(M). 


Theorem 11.8. Assume that we have MT(V,'!/;) = MMTi^(M)°. Then the 
group ASTk^M) is reductive and: 

(11.10) ASTx(M) c DLk(H, D), 

(11.11) ASTk{M)° =}i{V,i:) 

(11.12) 7ro(ASTif (M)) = ^o(MMTk(M)), 

(11.13) 7ro(AST;f (M)) = ^o(ST;f (M)). 

(11.14) C ASTk{M)qj, i.e. Conjecture IS.lK 'al holds for M. 
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Proof. The group AST^f (M) is reductive by Remark ri0.3l Moreover (111.1011 
is just (j9.28|) . By assumption MT(P, ijj) = {Gmk(m))° and the equality DH(P, ijj) = 
ll{V,ip) (which holds n odd), we have: 

(11.15) = (G^,(m))° nlso(y,^) = MT(y,i/:) nlso(,.,^) = H(P,1^). 

Hence ^ is connected and 

(11.16) ASTk(M)° = (G^,(m),i)° = G^^(m).i, 

so (jll.llll follows. The equality (111.1211 follows directly from the Theorem 110.21 
Equality (111.1311 follows since ASTj^(M)°(C) is a connected complex Lie group and 
any maximal compact subgroup of a connected complex Lie group is a connected 
real Lie group. (111.1411 follows by (110.111 and the assumption (see also Definitions 
[TOfoland ITLTll . □ 

Corollary 11.9. Under the assumptions that MT(y,i/>) = and 

DH(V,'(/;) = H(y,^), there are the following commutative diagrams with exact rows: 

(11.17) 0 —^ H(H,i/:) -^ ASTk(M) -^ 7ro(AST;f(M)) —^ 0 

0 ^ i:>LK{V,f:,D) 7ro(DLK(P,iA,D)) ^ 0 

(11.18) 

0 — -- 7ro(AST;f(M)) ^ Gal{Ke/K) 0 

0 ^ Tro(DV^(y,i:,D)) 7ro(DLx(P,i/',D)) ^ Gal{Ke/K) 0 


Proof. The exactness of the top row of the Diagram (|11.17ll follows from 
(111.nil . The exactness of the top row of the Diagram (111.1811 follows immediately 
from Corollarv llO.41 □ 

Corollary 11.10. Assume that li{V, ip) = GD(iso(^Y,p'f). Then 

(11.19) ASTk{M) = I)Lk{V,iP,D). 

Proof. It follows by the assumption and (111.411 that 

^o(Gi^^(^),i) =^o(DD^(P,i/>,D)) = 1. 

Hence the middle vertical arrow in the diagram (jll.lSL which is the right vertical 
arrow in the diagram (111.1711 . is an isomorphism. Since L(P, ip, D) = {Cd IsO(y_^))°, 
by assumption we have Y{{V,ip) = L(P, ■)/>, D). Hence the left vertical arrow in the 
diagram (I11.17|l is an isomorphism, and so the middle vertical arrow in the diagram 
(111.1711 is an isomorphism. □ 

Corollary 11.11. IflT{V,ip) = G£)(IsO(y,^)) and the Mumford-Tate conjec¬ 
ture holds for M, then the algebraic Sato-Tate conjecture holds: 

Gf^f ^ = ASTk{M)q,. 
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Proof. By (I10.1|l and Corollary II 1.101 

Gf'l i C ASTk(M)q, = DLk(P,V’,^)q,- 

By the assumption H(P, tp) = DL^e '0, D). By virtue of the equivalence of (j5.19l) 
and (I5.17L we only need to prove that = H(P,which is equivalent 

to the Mumford-Tate conjecture by Remark 17.41 . □ 

Remark 11.12. Theorem lll.Sl and its Corollaries 1 11. 91 111. 101 and II 1.1 II show 
that ASTif(M) from Definition 111.71 is a natural candidate for the algebraic Sato- 
Tate group for the motive M. 

Remark 11.13. Let M he a homogeneous motive which is a direct summand 
of /i*(X)(m). Put W := H^{X{C), Q(m)). If -ip is the polarization of the Hodge 
stucture on W then we will also denote by ip the induced polarization on P = 
Hb{M) (see Chapter 9). Observe also that Wi := Qi{m)). We will denote 

by pwi tbe natural representation pwi ■ Gk —t GlsO(Wi,‘ipi)iQi)- 

Theorem 11.14. Let M be a motive that is a summand of h^{X){m) with 
nonzero weights. Let the Hodge structure associated with M have pure odd weight 
n. Assume that Conjecture 15.11 (a) holds for M and there is c G N such that 
Idwj C PWi{Gk) for all 1. Moreover assume that for some I coprime to 
c : 

(1) Ko n Kipf’^) = K, 

(2) ast/.if is an isomorphism with respect to pi. 

Then the Sato-Tate Conjecture holds for the representation pi : Gk —t GIsO(y', 
with respect to (M) if and only if it holds for pi : Gkq GIsO(yj y,,)(Q/) with 
respect to STko{M). 

Proof. Because Vi is a subquotient of Wi as a Qi[G_R-]-module, we have 
Idy, C pi{Gk) for all 1. Since I is coprime to c then 1 + IZi C {ZfY. 
Hence the assumptions in this theorem guarantee that all assumptions of Theorem 
16.121 are satisfied. Hence Theorem 1 11. 141 follows by Theorem 16.121 □ 
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